International Journal of Engineering and Applied Physics (IJEAP)
Vol. 2, No. 1, January 2022, pp. 402~412
ISSN: 2737-8071

402

Uncertainty Principles for the Dunkl-Bessel type transform

Najat Safouane', Radouan Daher?
1Department of Mathematics, Faculty of Sciences Ain Chock, University of Hassan II, Casablanca, Morocco
2Department of Mathematics, Faculty of Sciences Ain Chock, University of Hassan II, Casablanca, Morocco

Article Info ABSTRACT
Article history: The Dunkl-Bessel type transform satisfies some uncertainty principles similar to the
Received Sep 20, 2021 Euclidean Fourier transform. A generalization of Beurling’s theorem, Gelfand-Shilov

theorem, Cowling-Price’s theorem and Morgan’s theorem are obtained for the Dunkl-
Bessel type transform.

Revised Jan 10, 2022
Accepted Sep 20, 2022

Keywords:

Beurling’s theorem This is an open access article under the CC BY license.

Gelfand-Shilov theorem @
Cowling-Price’s theorem @
Morgan’s theorem

Corresponding Author:

Najat Safouane,

Department of Mathematics,

Faculty of Sciences Ain Chock, University of Hassan II,Casablanca, Morocco
Email: safouanenajat@live.fr

1. INTRODUCTION AND PRELIMINARIES

There are many theorems known which state that a function and its classical Fourier transform on R
cannot both be sharply localized. That is, it is impossible for a nonzero function and its Fourier transform to be
simultaneously small. Here a concept of the smallness had taken different interpretations in different contexts.
Hardy [6], Morgan [9], Cowling and Price [5], Beurling [2] for example interpreted the smallness as sharp
pointwise estimates or integrable decay of functions. Hardy’s theorem [6] for the classical Fourier transform
F on R asserts that

Theorem 1..1 Let f be a measurable function on R such that
F@)] < Ce™ and |F(f)(y)] < Ce ™ (1)
for some constants a > 0, b > 0, C > 0. We have
o [fab > i, then f = 0 ae.
o [fab< i, then infinitely nonzero functions satisfy condition (1).
e Ifab= 1 then f(z)

Considerable attention has been devoted for discovering generalizations to new contexts for the Hardy’s theo-
rem. In particular, Cowling and Price [4] have studied an LP version of Hardy’s theorem which states that for
p,q € [1,00], at least one of them is finite, if He‘”ngp < oo and Heb92ﬂ|q < oo, then f = O ae. if ab > 1.
. Furthermore, Beurling’s theorem, which was found by Beurling and his proof was published much later by
Hrmander [7], says that for any non trivial function f € L?(R), the product f (:r)]?(y) is never integrable on
R? with respect to the measure e/®!|¥|dzdy, where f stands for the Fourier transform of f. A far reaching
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generalization of this result has been recently proved by Bonami, Demange and Jaming [2]. They proved that
if f € L?(R) satisfies for an integer N

// Hf )l e\zlly\dxdy < o0,
1+|x|+\y|)

then f is the form f(z) = P(m)e‘bmz, where P is a polynomial of degree strictly lower than % and b

is a positive constant. Morgan [9] has established a famous theorem stating that for v > 2 and n = ﬁ,
if (afy)%(bn)%7 > (sin(5(n — 1)) el f € L®(R) and el*I" F(f) € L*®(R). then f is null almost
everywhere.

The outline of the content of this paper is as follows. In section 2 we give an analogue of Cowling-Price’s
theorem for the Dunkl-Bessel type transform F3, g ,. Section 3 is devoted to Miyachi’s theorem for Fy, 5 .
Section 4 is dedicated to generalize Beurling’s theorem for F} g ,,. Section 5 is devoted to Morgan’s type
theorem for Fy, g ,.

Let us now be more precise and describe our results. To do so, we need to introduce some notations.
Throughout this paper, the letter C' indicates a positive constant not necessarily the same in each occurrence.
We denote by

L 2B+
AT+ L)

o z=(x1,....,2q41) = (z ,2411) € R¥x]0, 00].

where 5 > —

o R =R7Ix]0, 00].
o A= (A1, Aar1) = (A, Agy1) € CHL
e C(R*1) the space of continuous functions on R4+!, even with respect to the last variable.

o E(R4*H1) (resp. D(R4*1)) the space of C™ functions on R%*1, even with respect to the last variable
(resp. with compact support).

e R the root system in R%\{0}, R, is a fixed positive subsystem and k¥ € R —]0, oo[ a multiplicity
function.

e wy, the weight function defined by

H | <a,z > 2" eRY

aER 4

) Li_’ ﬁ(Rd x Ry ), 1< p < +oo the space of measurable functions on R? x R such that

[ fllx.8.0 = (/ If(f)pduk,ﬁ(ff)dHJ) < too, if 1<p < 400, 2
RIXRy
1fllkp00 =ess  sup  |f(2)| <400, if p=o00 3)
z€R X [0,+00]
where
pi,g(z)de = wk(x')fof{ dr'drgyy, == (2',2441) € R x RT. 4

e M,, the map defined by /\/lnf(x/, Tap1) = xﬁﬁlf(xl, Tdt1)-

o L B8 n(RiH) the class of measurable functions f on Ri“ for which

1f1lk,8,m. = My fllk,g12n,p < 00
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e E,(R¥1) (resp. D, (R*1)) stand for the subspace of F(R¥*1) (resp. D(R9*1)) consisting of func-
tions f such that

dxd+1

- (a) e
f(a',0) = (',0) =0, Yk € {1,..2n — 1}.

In this section we recall some facts about harmonic analysis related to the Dunkl-Bessel type operator Fi, g .
We cite here, as briefly as possible, only some properties. For more details we refer to [1].

Definition 1.2 For all x € R%x]0, co[ we define the measure £&° on R%x]0, oo by

—2 _1 ’
dgl;”@ (y) = aﬁxd—i-f (x?1+1 - ygii)ﬂ 2 1]07$d+1[(yd+1)d/~%/ (y )dyd+17

where 11,/ is a probability measure on R, with support in the closed ball B(o, ||z|) of center o and radius
Izl 10,2,,.[ is the characteristic function of the interval |0, x4, 1].
For all y € R?, we define the measure g’; #on R x [0, 00|, by

ol (x) = ag(xjy, — y§+1)5_%$d+1 Lyyir.00[(Tas1)dv,, (z)dz g1 (5)

We define the heat functions WS’f ’pB (r,.) related to the Dunkl-Bessel type Laplacian Ay, g ,, by

sl (—1)Pe2
d+1 k,B . ? ( ) Cr 2n s 4.2 —rl|z
Yy € R+ s Ws,p (T’, y) = 4’Y+'B+d(l—‘(6+ 1))2yd+1 /]R‘frl xll,..zdlzdp Il A(x y)d,u'k; ,@+n( ) 6)

These functions satisfy the following properties
. S S - 2
Vy € RE, Fipn(WES (r))(y) = i (=1)Py7 iyt e (7)
Definition 1..3 The Dunkl-Bessel type intertwining operator is the operator Ry, gy, defined on C (RHL) by

Ripnf(@) = [ i f (a2 (y).

Definition 1..4 The dual of the Dunkl-Bessel type intertwining operator Ry, g.n is the operator defined on
Dy (R by: Wy = (y', ya41) € RIx]0; 00,

Riepn(F) () = / 20 () dgh P (). ®)

d+1
RY

Proposition 1..5 Let f be in L}, ; . (R{*"). Then

[ ResalDdy = [ 5@ ()i
Rf Rfl

Theorem 1..6 Let f € L; 8 H(R‘f'l) and g € C(RY), we have "Ry, ., (f) is defined almost every where

Riﬂ and the following formula

Lo Resal D@y = [ 1R () @i enla)

R+t
We consider the function A 5 ., given for A = (X, A\g41) € C? x C by

Ak pon (2, N) = 231 K (2", —iN)jp (a1 Aar), C)

where j3(Z44+1A4+1) is the normalized Bessel function defined by

1
. _ 1
Jp(Tar1Aat1) = aﬁ/ (1—t%)P72 cos(zgq1Aaprt)dt
0
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and K (z', —i)\’) is the Dunkl Kernel defined by
K(l’l, *l)\/) = / 67i<y’)\/>d'u,a:/ (y)
Rd
Definition 1..7 The Dunkl-Bessel type transform is given for f in D, (R*1) by

AR X Ry Fopn(DON = [ F@)Asnlo Vi () (10)

RIxR4
Proposition 1..8 For f € D,,(R%t1), we have
Frpn(f) =Foo "Ripn(f), (11)

where Fy is the transform defined by VA = (N, A\g11) € R x R,
Fo(H)N' s Xag1) = /d F@' warr)e” N0 cos(wa 1 Aasr )da' dza .
R XR+

We denote by LY ﬂ,n(Riﬂ) the class of measurable functions f on R‘ﬁl for which

1f1lk,8,m,0 = M fllk,s42n,p < 00 (12)

2.  BEURLING’S THEOREM FOR THE DUNKL-BESSEL TYPE TRANSFORM
To prove the main theorem of this section we need the following lemmas.

Lemma 2..1 Let N > 0. We consider f in Liﬁ’n(Riﬂ) satisfying

@)1 Fkp0 (DY i)
d n(z)dy < +o0. 13
// G+ el + gD o nl(E)dy < +oo (13)

Then f € Ly 5 L(RE),
Proof. Using the Fubini’s theorem and the relation (13) we have for almost every y € Riﬂ :

|Fkp.n () (W)] /()]

lzllllyll g < .
(1+ lyhH™ RiH (1"‘H9C||)N6 fre,pan () < 400

As f is not negligible, there exists yg € Riﬂ, yo 7 0 such that Fy, g, (f)(yo) # 0. Thus

@] izlivol
——_el*llivollg n(z) < +o0. 14
ellzlllivoll
Since the function A+~ is greater than 1 for large ||z||, then
x

Lo @hdisinl) < 4o

+

/ |f( )‘duk gron(z) < Ho00
Rd+1 xd+1

Lo M @l pian(a) <+
+

d
which proves that f € L 5 (R{!). m
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Theorem 2..2 Let N € Nand f € L 4 n(Rf‘l) satisfying (13). Then

o I[fN > d+ 2we have
Yo awi(ry), y e RETY, (15)

fly) =

N—
[s|+p<~—5

where r > 0, a’;f € Cand Wsk,f (r,.) given by the relation (6).

e Else f(ly)=0aey € Ri“.
Proof. From Lemma 1 and Theorem 2, the function f belongs to L, 5 (R and the function * Ry, 5., (f) is

defined almost everywhere on R ++1. We shall prove that
(16)

n JEAL dydm < +00.
/Rd“ /Rd“ 1 Hm|| Hy”)N

Take 1o as in Lemma 1. We write the above integral as a sum of the following integrals

_ ellzlllyll . .
Ll Y N e e e LR

and -
z{|ly
J_/ / e tRana: FtR,,nf y lydx.

RE Syl =l (1 Hx” HyII)N| F ( )H 0( 6,0 ( ))( )|

We will prove that I and J are finite, which implies (16).

e As the functions |Fy g.»(f)(y)| i
elellwoll |t R, 5 F(x)]
I< C/ JebiL dx.
N )

Writing the integral of the second member as [; + I> with

elzlllvoll iR, 5, f(z)]
I = D) !
=~ A+ eh™

= Twoll

and llz[[lyoll |
el Yol Ry 5 0 f ()]
12 / = dr.
I (1 + (=N

There for, we have the following results:

llzllyoll
e
is continuous in the compact x € R‘Hl/HxH < HyoH’ and f

— As the function r - ——
L+ [zl
is in L,lC 5. n(Rd'H) we deduce by using Fubini-Tonelli’s theorem, and the relation (5), (7) that

"Ri,p.n(|f]) belong to L}, 5 (RY™). Hence I is finite.
etlol

the function ¢ — ———— is increasing, so we obtain by usin
FEEL g y sing

— On the other hand, for ¢t > Twoll ” R
Fubini-Tonelli’s theorem, and (5), (8) and Proposition 1, that

elielllvoll
L2 = /]Rd+1 A En® Ok s (8-

The inequality (14) assert that I5 is finite. This proves that I is finite.
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e We suppose ||yo]| < N. Let J = J; + Jo + J3, with

[lz|[yll

J - ’ tR n f n d d .
Rl S SN e v e R L R
5= s ()@ Fon () ()l
* 7 e tol<lo<n L+ [+ gy | Hsn SRSk 8 L RICEE-

[lz|[Iy]l

/s :/Rdﬂ/ sy (1F ||ex|| n ||y||)N\tRk,B,n(f)(w)l\fk,/a,n(f)(y)ldydw-
Yyl =
clellliyl

- As the function (z,y) — Fi.p.n(f)(y)| is bounded in the compact {x €

. (1d+1||3?H+||yH) _
R/l < g} > {€ € RE/llyoll < 1€l < N} and “Rye,p.0(|.f1) () is Lebesgue-integrable

on Rf,lr“, then J; is finite.

At

— Let A > 0. As the function ¢t — m is increasing for ¢ > % Thus, for all (x,y) €

C(&,yo, N) we have the inequality
ell=llllyl eléllyll

<
A+l + Ty DY = =+ (gl + [lyIDY

with C(&, 90, N) = {(z,y) € RE™ x RE /(T <[l < [|€]l and ||yoll < |lyll < N}. There-
fore, from Fubini-Tonelli’s theorem and the relations (5), (8), we get

J WEs il

Taking account of the condition (13), we deduce that Js is finite.
etlyll

_ o (At [lyDN
Tonelli’s theorem and the relations (5), (8), (13) that

- For ||y|| > N, the function ¢ — is increasing. We deduce, by using Fubini-

J . ell€lllyll dnd
s < / o LSOO g Ty 00 (€) < 4o

This implies that J; is finite.
Finally for ||yo|| > N, we have J < J3 < co. This completes the proof of the relation (16).

According to Corollary 3.1, ii) of [4], we deduce that
o € RE, Ry .o (f) (@) = Pla)e Il

N—-d—1
2

with § > 0 and P a polynomial of degree strictly lower than
Using this relation and (6), we deduce that

Vo € REL, Fiopn(f)(y) = Fo o Ripn(f)(y) = Fo(Plx)e 1o 1) (y).

But
—lvl?
Vo € RET, Fo(Pa)e 1) (y) = Qy)e™H,
With Q a polynomial of degree strictly lower than & _2‘1_1.
Thus from (7) we obtain
1
Ve € R Fepn(W) = Fepn | D alf Wil (5 | @)

N—d—1
[sl+p<=—F—

Uncertainty Principles for the Dunkl-Bessel type transform (Najat Safouane)
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The injectivity of the transform F}, g ,, implies

vreR{T, fo) = Y alWi(

N—d—1
[s|+p<=~—5—

(@) ae.

and the theorem is proved.
]

3.  GELFAND-SHILOV TYPE FOR THE DUNKL-BESSEL TYPE TRANSFORM
In this section we give analogue of the Gelfand-Shilov for the Dunkl-Bessel type transform F, 3 .

Theorem 3..1 (Gelfand-Shilov type) Let N € N and assume that f € Li, 5 (Rf‘l) is such that

|f(@ >|e”f;>pumnpd
—— n < 400, 17
Joae A daente) < o0 an
Ré+ (1+ IIyH)
Wherel<p,q<+oo,f +1=1a>0, b>0andab> . Then:

q

1. Ifab > %, we have f(z) = 0 a.e.
2. We suppose that ab = %.

o IfN < %—i—l7 1 < p,q < +oowehave f(z) =0, a.e v € R
e fN>¢+1
— For the cases: 2 < q < 400, 1 <p < +00,
1<g<2,2<p<+o0,
q=2,p=2
we have f(z) = 0, a.e x € R%

— Forthecasel < qg<2,1<p<2,
we have

f(z) = Z a’S“fWS]ff(r, x), a.e.x € R‘f‘l, (19)

2N—d—1
‘S|+P<f

Where r > 0 and aff eC
— Forthecaseq=2,1<p<?2
If0 < r < 2b% we have f(z) =0, a.e v € RTH
Ifr > 2b2 the function f is given by the relation (18).
— Forthecasep=2,1<q<?2
Ifr > 2b2 we have f(x) =0, a.ex € Riﬂ.
If0 < r < 2b? the function f is given by the relation (18).

Proof. Using the inequality

(2a)? (20)¢
dabl|z||[[y]| < [z]|” + —=Ily*,
P g
we get
@)1 5 pn (DG sabaliv)
Nl dyd n(z) <
/ / @+l + Tyl © yph o) <
(2a)P p (26)4 4
|f(z)|e 7 Il / \Fiopn(F)@)le o 191
A TN kB (T = dy < +0o0. (20)
/ S P L P pray )
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As ab > %, then from (20) we deduce that the condition (14) is satisfied. By using the proof of Theorem 3, we
obtain, Vx € Ri“,

(B

"Ry 5(f) (@) = Pla)e "

where r is a positive constant and P, () are polynomials of the same degree which is strictly lower than
1) From (20) and the proof of (16) we deduce that

t t
["Rue,s.f (@)[[Fo("Ra,s(f)) (y)] ohablzllllyl
abllzllyll gody < +o0, (22)
/ / (T + [ + wll)2™ Y

Va € R F g0 (F)(y) = Qy)e 1017, @1)

2N—-d—1
- -

By replacing in (22) the functions tRk B.n(f)(x) and Fy, .. (f)(y) by their expression given in (21), we get

z)[|Q(y)| ~(Vrllyll=5zl1zID? (4ab—1)|z]| 00
e 27 e\ @yl gz dy < +o0, (23)
/]R’“’l /Rd“ 1+ ||x|| [yl)Y

As ab > %, there exists € > 0 such that 4ab — 1 — ¢ > 0. If P is non null, () is also non null and we have

/ / oligty )|2Ne Vrllyl=gyzllz1)? g dab=1) 121yl gz gy,
Rt Jrir ( +||:c\|+||y||>

>C/ / ‘
d+1 d+1
RYTH IR

Where C'is a positive constant. But the function

s l2)* p(ab—1=0)llellyll gz gy

e—(ﬁ\ly\l—%ﬁIIx\|)2€(4ab—1—6)HwH lyll

is not integrable, (23) does not hold. Hence f(z) = 0 a.e.

2)

1) We deduce the result from (20) and Theorem 3.

ii) By using (20) the relations (9), (11) can also be written in the form

FpnlH@)e W o(g)lerIole
L= L e

(2n1 q
By |

dy.

and

2 24)P
Ll 2 e

f@)e 5 =" [ P@e e
s = [ e

We obtain ii) from Theorem 3 and by studying the convergence of these integrals as we have made it
inl). m

4. HARDY TYPE FOR THE DUNKL-BESSEL TYPE TRANSFORM
Theorem 4..1 (Hardy type) Let N € N. Assume that | € Liﬁ(R‘fl) is such that

f(z)] < Me~alol” ge

and

.2 .
Vo € R | Frpn(F) (W) < MO+ |y ) Ne 1wl j=1,.,d+1, (24)

for some constants a > 0, b > 0 and M > 0. Then,
i)Ifab > %, then f =0 a.e.
ii) If ab = i, the function f is of the form

1
flx) = Z af;ﬁWﬁ’pﬁ(E,x) a.e. where aff eC.
[s|+p<N

iii) If ab < %, there are infinity many nonzero functions f satisfying the condition (24).

Uncertainty Principles for the Dunkl-Bessel type transform (Najat Safouane)
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Proof. The first condition of (24) implies that f € L; B(Rfl). So by Theorem 2, the function ‘R, g, (f) is
defined almost everywhere. By using the relation (11) we deduce that for all x € R‘i“,

[“Ricon(F) ()] < Moe= 1717,
where M) is a positive constant. So,
. 2 .
"Ricpon () ()] < Mo(1+ Jag)Ne 1l 5 =1, d +1, (25)

On the other hand from (11) and (24) we have for all x € Ri“,

\Fo(" R p.) (N (@) < M1+ Jy;)Ne P j=1,.,d+1, (26)

The relations (25) and (26) show that the conditions of Proposition 3.2 of [4] are satisfied by the function
"R p.n(f). Thus we get:
i) Ifab > 1, "Ri.pn(f) = 0ae. Using (11) we deduce

Yy € RET Fipon(F)(y) = Fo o ((Ripn)(f)(y) = 0.

Then from Theorem 2.3.1 of [8] we have f =0 a.e.
ii) If ab = 1, then 'Ry, 5., (f)(z) = P(z)|e~2l*I", where P is a polynomial of degree strictly lower than N.
The same proof as the end of theorem shows that

1
f(z) = Z affWﬁ‘:f(@,x) a.e.
|s|+p<N
i) If ab < 1, let ¢ €la, -] and f(z) = Ce~tI=I” for some real constant C, these functions satisfy the
conditions (24).
[

5. COWLING-PRICE THEOREM FOR THE DUNKL-BESSEL TYPE TRANSFORM
Theorem 5..1 (Cowling-Price type) Let N € N and assume that f € Li’ 5(Rd++1) is such that

2
ebllyll

/ -, V@) dug (@) < +oo, and / kg0 (f)ldy < +o0 27
R

wenr (L TyIDN

for some constants a > 0, b > 0. Then
i)Ifab > i, we have f =0 a.e.
ii) If ab = i, then when N > d + 2 we have

) 1
f(x)= Z a’;fW;ff(%, x) a.e where aﬁf eC.

N—d—1
[s|+p<==—

iii) If ab < 1, there are infinity many nonzero functions f satisfying the condition (27).

Proof. From the first condition of (27) we deduce that f € L}C’ B(R‘fl). So by Theorem 3, the function
tRk, 8.n(f) is defined almost everywhere. By using the relation (5), (8) and (27) we have:

"Rie . (f) ()]l / : o2
B, dr < R pn (e f)(z)dx,
/R P FE Y o R (eIl £) ()

S/ eI | £ ()| dp g an (y) < +o00.
Rd+l

+
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So

¢ allz||?
/dJr "Rie,8,n(f)(2)]e dr < +oo. (28)
R

(14 [lz[)¥

On the other hand from (11) and (27) we have:

R 71“{‘ v 7] ‘a :,8,n ) ay < + . ()
a4 ( ||y||)N k.B, Yy Rd B ( Hy“)]\[ “ ) k,B, Yy Y X

The relations (28) and (29) are the conditions of Proposition 3.2 of [2] which are satisfied by the function
“Ry.6.n(f). Thus we get: i) If ab > 2, 'Ry 5.,(f) = 0 ae.

Using the same proof as of Theorem 5 we deduce f(z) = 0. a.e. x € Ri“.

i) If ab = 1, then 'Ry 5,0 (f)(z) = P(x)\e"‘”””'?, where P is a polynomial of degree strictly lower than
N’T‘H. The same proof as the end of theorem shows that

f(z) = Z affo’f(i,m) a.e.

N—-d—-1 4a
|s\+p§%

iii) If ab < L, let t €]a, & and f(z) = Ce *I7I” for some real constant C, these functions satisfy the

conditions (27). This complete the proof. m

6. MORGAN TYPE FOR THE DUNKL-BESSEL TYPE TRANSFORM
Theorem 6..1 (Morgan type) Let 1 < p < 2 and q be the conjugate exponent of p. Assume that f €
L% 5 (REFY) satisfies

[ PV @l in(a) < 400, and [ S B (D@ldy <40, G0
R

d+1
RY

for some constants a > 0, b > 0.

Then if ab > | cos(55) %, we have f=0ae.

Proof. From the first condition of (30) implies that f € Lj, ﬁ(R‘fl). So by Theorem 2, the function Ry, 5(f)
is defined almost everywhere. By using the relation (5), (30) we have:

/ R gD @)e T < / e 71| ()ldpn pn < +o0.
R4 RIF

So
/ + |t;ak,ﬁ,n(f)(m)‘ea: Hxl‘pdx < +00 3D
R

On the other hand, from (11) and (30) we have:
e q e q
/ e T W F g (£) )]y = / e T W Fo("Ripn) () () dy < +o0. (32)
Ri+l Ri—H

The relations (31) and (32) are the conditions of Theorem 1.4 of [4] , which are satisfied by the function
1
"Ri.gn(f). Thus we deduce that if ab > |cos(&7)|» we have "Ry, g.,,(f) = 0 a.e. Using the same proof as

the Theorem 5 we obtain f(y) = 0. ae. y € RZ" . m
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