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1. INTRODUCTION

In recent years, the use of the structures which are made of functionally graded materials (FGM)
have been increasing in many modern engineering applications due to varying material properties over
dimensions which allow to enhance the strength of material, high resistance to temperature shocks and high
strength to weigth ratio. Authors devoted a considerable number of studies to predict and to understand the
mechanics of the functionally graded structures during the last decade [1-10]. In [1], the main idea of this
paper's developed method was the control over the produced gradient and did not require burning binder
phase. The element free Galerkin method and Galerkin formulation for functionally graded beams were used
to free vibration analysis as in [2]. Besides, overviews of FGM beam dynamics in thermal environment are
presented by Parida et al. [3]. The simply supported beam is only considered and carried out by compelling
the finite element procedure. The effects of porosity on bending static analysis of functionally graded (FG)
beams was firstly introductioned by using a refined mixed finite element beam model. Two different types of
porosity namely even and uneven distributions were also considered in [4]. Due to the task related to static
analysis with probabilistic parameters for Euler-Bernoulli type functionally graded structures, Wu et al.
investigated clearly above issue [5], and so on. In addition, the finite element method is an effective method
for structural analysis like beams, plates and shells [11-25]. Among many different beam theories, the simple
Timoshenko beam model helps us to reduce the computational cost with the resulting error within the
allowable range. This article will investigate the bending behavior of two-directional functionally graded
beams by using finite element procedure with simple Timoshenko beam elements respectively.

It is divided four sections. Section 1 gives the introduction as above. Section 2 presents the
formulations as well as Section 3 shows some essential results. Finally, a few comments are also given in
Section 4.
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2. TWO-DIRECTIONAL FG BEAM AND FINITE ELEMENT PROCEDURE
A two-directional FG beam of length L, width b and thickness h as shown in Figure 1 is studied in

this article. It is made by continuously changing from ceramic to metal phases through x and z directions.
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Figure 1. A two-directional FG beam
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Figure 2. The modification of volume fraction of the ceramic
According to the power law form, the volume fraction of the ceramic can be presented in Eq. (1).
The modification of this parameter is also depicted in Figure 2 respectively.

Vc(x,z)=(1—2—XLj (%+Ej Z @

The material properties can be calculated as belows

E(x,z)=(EC-Em)(1-2—)1] G+%) +E, 0)
G(x,z)=(GC-Gm)(1-2—XLj G+§j 4G, &)
and V(x,z)=(vc—vm)(1—2—)i‘j (%+§j Z +V (4)
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Based on finite element method (FEM), the degrees of freedom associated with a node of a simple
Timoshenko beam element are a transverse displacement and a rotation as depicted in Figure 3. Using the
principles of simple beam theory, the beam element stiffness matrix will be derived

(M) o=

Figure 3. A simple Timoshenko beam
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and k =5/6 is called the shear correct factor.
According to the principle of minimum total potential energy, the element equation can be described as
12 6L, -12 6L, v, f
El, |6L. (4+®)Li -6L, (2-®)L% [|6,| |m, ,
(1+®)|-12  -6L, 12 -6L, [|v[ |f 0
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After assembly, the bending parameters can be obtained by solving the following equation
Kd=F (8)
By using two letters ‘C” and ‘S’ refer to the clamped and simply supported, all boundary conditions
can be revealed as belows
v(0)=6(0)=0, v(L)=6(L)=0 9)

v(0)=6(0)=0, v(L)=0 (10)
C H:lc C S

Figure 4. Two boundary conditions (CC) and (CS)

The finite element procedure can be reached as below

. Input data: material properties and geometric data.
Calculating constitutive matrix.
Loop over elements: calculating element force vector and element stiffness matrix.
Assembling all parts in the global coordinate system
Applying two boundary conditions (CC) and (CS).
Solving equation for static bending
Display transverse displacements and rotations at nodes of structure.

3. RESULTS

In this section, some numerical tests are given to verify the applicability of proposed method. A
two-directional FG beam with length L = 1m, b = 0.1m, length to thickness ratio L/h = 5 and distributed load
g = 10* N/m is considered and the material properties can be seen in Table 1 for two-phase.

Table 1. The material properties
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Al;O3 E. = 380GPa ve=0.3

Al Em = 70GPa Vm=0.3

Table 2. The comparison of normalized tranverse deflection of (CS) two-directional FG beam

L/h=5 Nx
0 1 5
- SSPH Present SSPH Present SSPH Present
0 1.1972 1.1709 1.4733 1.4125 2.7279 2.4549
1 2.0219 1.9541 2.3975 2.2820 3.7281 3.4284
5 2.8689 2.7577 3.2817 3.1190 4.4918 4.1899

Table 3. The comparison of normalized tranverse deflection of (CC) two-directional FG beam

Lh=5 Nx
0 1 5
k SSPH Present SSPH Present SSPH Present
0 0.5755 0.6010 0.7352 0.7663 1.4013 1.4269
1 0.9722 0.9953 1.1871 1.2159 1.8722 1.9118
5 1.3795 1.3998 1.6139 1.6402 2.2239 2.2737

Firstly, the  normalized  transverse  deflection at L/2 is  formulated by
v(L/2)=100E, bh*v(L/2)/q/L" as well as all results related to this proposed method for two boundary

conditions (CC) & (CS) are compared with other results from [17] by author Karamanli as shown in Tables 2
& 3. In this reference, the Symmetric Smoothed Particle Hydrodynamics (SSPH) method was used to
calculate bending deflection respectively. It can be seen that the results obtained from this paper are
completely approximate with the results of SSPH method. The relative error among these results can be

explained by using different approaches.
e 107 displacement

w107 rotation angle

Figure 5. The displacement along the length and rotation angle of (CS) two-directional FG beam with ny
=ny= 5
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w0 displacement

= ratation angle
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Figure 6. The displacement along the length and rotation angle of (CC) two-directional FG beam with ny
=ny= 5

Figures 5 & 6 depict the displacement and rotation angle along the length of (CC) & (CS) two-directional FG
beams with two factors ny = n, = 5.

Transverse deflection

Along the length of beam
Figure 7. The transverse deflection along the length of (CS) two-directional FG beam by changing nyx
Finally, to investigate the influence of ny, ny on the deflection of two-directional FG beams for two

boundary conditions (CC) & (CS), Figures 7-10 present curves showing transverse deflections along the
length of beams. It is clear that the deflection value increases when ny or n; increases.
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Transyerse deflection

Along the length of beam

Figure 8. The transverse deflection along the length of (CC) two-directional FG beam by changing nx

Tranzverse deflection

nx=9nz=1

Along the length of beam

Figure 9. The transverse deflection along the length of (CS) two-directional FG beam by changing n;
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Transverse deflection

Along the length of beamn

Figure 10. The transverse deflection along the length of (CC) two-directional FG beam by changing n,

CONCLUSION
In this article, the bending behaviors of two-directional FG beams under two different types of boundary

condition (CC), (CS) are studied. The simple Timoshenko beam elements based on the traditional finite
element procedure are firstly used to analyze the bending behavior of two-directional FG beams and then the
author proves the applicability of them through several numerical examples. The results of this article are in
good agreement with other solutions in references.

REFERENCES

(1

[2]

(3]

(4]
(5]
(6]

(7]

(8]

(9]

0. Carvalho, M. Buciumeanu, G. Miranda, S. Madeira, and F. S. Silva, "Development of a method
to produce FGMs by controlling the reinforcement distribution,” Materials & Design, vol. 92, pp.
233-239, 2016.

M. Chehel Amirani, S. M. R. Khalili, and N. Nemati, "Free vibration analysis of sandwich beam
with FG core using the element free Galerkin method," Composite Structures, vol. 90, pp. 373-379,
2009.

S. P. Parida, P. C. Jena, and R. R. Dash, "FGM Beam analysis in Dynamical and Thermal
surroundings using Finite Element Method," Materials Today: Proceedings, vol. 18, pp. 3676-3682,
2019.

S. Zghal, D. Ataoui, and F. Dammak, "Static bending analysis of beams made of functionally graded
porous materials," Mechanics Based Design of Structures and Machines, pp. 1-18, 2020.

D. Wu, W. Gao, D. Hui, K. Gao, and K. Li, "Stochastic static analysis of Euler-Bernoulli type
functionally graded structures,” Composites Part B: Engineering, vol. 134, pp. 69-80, 2018.

H. L. Ton-That, H. Nguyen-Van, and T. Chau-Dinh, "A novel quadrilateral element for analysis of
functionally graded porous plates/shells reinforced by graphene platelets,” Archive of Applied
Mechanics, vol. 91, pp. 2435-2466, 2021.

V. N. Burlayenko, H. Altenbach, T. Sadowski, S. D. Dimitrova, and A. Bhaskar, "Modelling
functionally graded materials in heat transfer and thermal stress analysis by means of graded finite
elements,"” Applied Mathematical Modelling, vol. 45, pp. 422-438, 2017.

M. S. Beg and M. Y. Yasin, "Bending, free and forced vibration of functionally graded deep curved
beams in thermal environment using an efficient layerwise theory," Mechanics of Materials, vol.
159, p. 103919, 2021.

M. lasiello, N. Bianco, W. K. S. Chiu, and V. Naso, "The effects of variable porosity and cell size

Int J Eng & App Phy, Vol. 2, No. 1, January 2022: 394 - 401



Int J Eng & App Phy ISSN: 2737-8071 O 401

[10]

[11]
[12]
[13]

[14]

[15]

[16]
[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

on the thermal performance of functionally-graded foams,"” International Journal of Thermal
Sciences, vol. 160, p. 106696, 2021.

M. Simsek, T. Kocatiirk, and §. D. Akbas, "Static bending of a functionally graded microscale
Timoshenko beam based on the modified couple stress theory," Composite Structures, vol. 95, pp.
740-747, 2013.

H. L. Ton-That, "Plate Structural Analysis Based on a Double Interpolation Element with Arbitrary
Meshing," Acta Mechanica et Automatica, vol. 15, pp. 91-99, 2021.

Vo-Duy Quang and T.-T. H. Lan, "Free vibration of simply supported steel I-girders with
trapezoidal web corrugations,” Reports in Mechanical Engineering, vol. 1, pp. 141-150, 2020.

I. Katili, T. Syahril, and A. M. Katili, "Static and free vibration analysis of FGM beam based on
unified and integrated of Timoshenko’s theory," Composite Structures, vol. 242, p. 112130, 2020.
S.-R. Li, D.-F. Cao, and Z.-Q. Wan, "Bending solutions of FGM Timoshenko beams from those of
the homogenous Euler—Bernoulli beams," Applied Mathematical Modelling, vol. 37, pp. 7077-7085,
2013.

H. L. Ton-That, "The Linear and Nonlinear Bending Analyses of Functionally Graded Carbon
Nanotube-Reinforced Composite Plates Based on the Novel Four-Node Quadrilateral Element,"”
European Journal of Computational Mechanics, vol. 29, pp. 139-172, 2020.

D. Chen, J. Yang, and S. Kitipornchai, "Elastic buckling and static bending of shear deformable
functionally graded porous beam," Composite Structures, vol. 133, pp. 54-61, 2015.

A. Karamanli, "Static behaviour of two-directional functionally graded sandwich beams using
various beam theories,” New Trends in Mathematical Sciences, vol. 5, pp. 112-147, 2017.

B. Anirudh, M. Ganapathi, C. Anant, and O. Polit, "A comprehensive analysis of porous graphene-
reinforced curved beams by finite element approach using higher-order structural theory: Bending,
vibration and buckling," Composite Structures, vol. 222, p. 110899, 2019.

N. Wattanasakulpong, B. Gangadhara Prusty, and D. W. Kelly, "Thermal buckling and elastic
vibration of third-order shear deformable functionally graded beams," International Journal of
Mechanical Sciences, vol. 53, pp. 734-743, 2011.

P. Sharma and R. Singh, "A numerical study on free vibration analysis of axial FGM beam,"
Materials Today: Proceedings, vol. 44, pp. 1664-1668, 2021.

H. L. Ton-That, "A new CO third-order shear deformation theory for the nonlinear free vibration
analysis of stiffened functionally graded plates,” Facta Universitatis, Series: Mechanical
Engineering, vol. 19, pp. 285-305, 2021.

F. Ebrahimi and E. Salari, "Thermal buckling and free vibration analysis of size dependent
Timoshenko FG nanobeams in thermal environments,” Composite Structures, vol. 128, pp. 363-380,
2015.

F. Z. Jouneghani, R. Dimitri, and F. Tornabene, "Structural response of porous FG nanobeams under
hygro-thermo-mechanical loadings," Composites Part B: Engineering, vol. 152, pp. 71-78, 2018.

J. W. Lee and J. Y. Lee, "Free vibration analysis of functionally graded Bernoulli-Euler beams using
an exact transfer matrix expression,” International Journal of Mechanical Sciences, vol. 122, pp. 1-
17, 2017.

X. F. Li, "A unified approach for analyzing static and dynamic behaviors of functionally graded
Timoshenko and Euler—Bernoulli beams,"” Journal of Sound and Vibration, vol. 318, pp. 1210-1229,
2008.

Static bending analysis of two-directional FG beam using simple Timoshenko beam elements
(Lan Hoang That Ton)



